Problems in structural acoustics involving finite plates can be formulated using integral equation methods. The unknown function within the integral equation must satisfy the plate edge conditions, and hence appropriate expansion functions must be used. The expansion functions developed here are aimed at treating a wide class of problems. Once such functions are found, the solution process and numerical implementation are relatively straightforward. The speed of convergence to ''exact'' comparison solutions is fast even in the singular limit of high frequencies and wide plates. A set of expansion functions with the required properties is constructed and some illustrative problems are treated.
INTRODUCTION
Many papers have been written on integral equation methods for treating finite length rigid plates in acoustics, or analogous problems in elastodynamics or electromagnetism. 1, 2 In these cases the integral equations are readily and efficiently solved using expansion functions, Chebyshev polynomials, for the unknown. The vital ingredient captured by the expansion functions is that they correctly incorporate the edge condition at the plate ends. Convergence is usually rapid even for higher frequency problems. Unfortunately, the usual Chebyshev polynomial expansion functions are not well suited to treating, say, elastic plate boundary conditions; the edge behavior is altered in these cases. Our aim here is to develop a class of expansion functions, analogous to the rigid plate ones, that are equally applicable to elastic plate problems.
There is recurrent interest in sound generation or scattering by elastic plates in structural acoustics. Many structures consist of plates welded together or attached in other ways, and vibrational plate waves are potential major sources of acoustic noise. These waves may be coupled into the surrounding fluid via interactions with the plate edges, for example. Thus analytical and numerical techniques have often been used to try to describe the general physical effects involved, and to solve model problems for specific geometries. 3 Problems involving finite length plates with various attachment conditions are unfortunately not amenable to exact solution, although asymptotic results for wide plates and light or heavy fluid loading can be found. Our aim is to develop efficient numerical approaches capable of solving these problems in regimes not necessarily amenable to asymptotic analysis, and which can also be generalized to more complex geometries.
In this paper we shall concentrate on a pedagogic twodimensional example. However, the basis expansion func- plates have ϭЈϭ0 at the edges. The appropriate conditions must be built into any numerical scheme either implicitly or explicitly. Moreover, the edge conditions are important, as analytical studies show a marked dependence upon them.
A variety of numerical methods such as finite element schemes, modal methods, and integral equation approaches have been utilized by other authors. Finite elements are versatile. However, one has to discretize the whole domain, with the result that infinite domains are awkward, and calculations become increasingly unwieldy as frequencies increase. Modal methods have advantages for the simply supported ϭЉϭ0 edge conditions, as Fourier series solutions can be developed; however, this approach cannot be used for more general edge conditions. For more general edge conditions, analytic approximations utilizing the in vacuo eigenfunctions can be adopted; 5 we briefly discuss eigenfunction methods in Sec. IV. There are also numerical approaches using the modified Wiener-Hopf technique; 6 these are perhaps less flexible than the numerical methods based directly upon solving the integral equations. Nonetheless they are formally exact if one continues the iterations indefinitely, although this is at the cost of considerable effort.
Integral equation methods have considerable advantages for relatively simple geometries, and this is the approach we develop here. Previous authors, for instance Mattei, 7 have adopted this technique, but have used different methods that have difficulties explicitly incorporating the edge conditions. Typically the edge conditions are treated separately, and since there have been few comparisons with exact or asymptotic methods, it is unclear how successful such numerical methods have been.
Here we treat the integral equations utilizing expansion functions that automatically take into account the edge conditions. As a result, the edge conditions are implicitly satisfied and no extra equations are required. This approach quickly leads to an accurate and efficient numerical scheme: typically only a few expansion functions are required to ensure accurate solutions. For plates with clamped edge conditions this approach has been detailed elsewhere, 8 and has been compared to asymptotic solutions near resonant frequencies and to asymptotic solutions for light and heavy fluid loading. Compliant plate effects are also easily treated and several types of forcings are considered: incident plane waves, line forces and moments, and sources in the fluid. Our aim previously 8 was to introduce and develop this approach and to show that it can be particularly useful in regimes not amenable to asymptotic analyses and hence convenient for quite general incident fields. The aim here is to expand upon the method and consider a wider class of edge condition.
We consider time harmonic vibrations of frequency , and all physical variables are assumed to have an e Ϫit dependence. This is considered understood and is henceforth suppressed. Two-dimensional problems are considered with an inviscid, compressible fluid lying in x 3 Ͼ0 and ϪϱϽx 1 Ͻϱ, and a vacuum lying in x 3 Ͻ0. The fluid pressure p(x 1 ,x 3 ) satisfies
where f (x 1 ,x 3 ) corresponds to a distribution of fluid sources, and k 0 , the acoustic wave number, is related to the sound speed c 0 via k 0 ϭ/c 0 . In what follows, the source distribution is zero except for Green's functions. The displacement in the x 3 -direction within the fluid, (x 1 ,x 3 ), is related to the fluid pressure via 2 ͑x 1 ,x 3 ͒ϭ
The plane x 3 ϭ0 is taken to consist of a thin elastic plate in the finite region ͉x 1 ͉Ͻa in which ͑1͒ holds, and to consist of a rigid plate elsewhere. The geometry is shown in Fig. 1 .
The parameters B and m are the bending stiffness and mass per unit area of the plate, respectively. These parameters are related to the properties of the elastic plate via B ϭEh 3 /12(1Ϫ 2 ) and mϭ s h, with E, h, , and s the Young's modulus, plate thickness, Poisson ratio, and mass density of the elastic material, respectively. In order to minimize the number of parameters that occur later, we introduce the in vacuo flexural wave number k p ϵ( 2 m/B) 1/4 . Incorporating a small loss factor will lead to attenuation of the plate waves; we shall not consider loss factors here. We introduce the nondimensional quantities 9 M and ⑀. The ''Mach'' number M is defined to be the ratio of the fluid sound speed to that of the in vacuo plate waves, M ϵk 0 /k p . A frequency independent measure of fluid loading is provided by the parameter ⑀ϵ(
. In essence, when the system is lossless, there are three parameters that can be varied: M, ⑀, and k 0 a, the last of these being the ratio of a typical length scale associated with the fluid disturbance to a typical length scale associated with the finite defect. Typically ⑀ is small: for example, ⑀Ϸ0.134 for steel plates in water, while M, which is frequency dependent, can range through all values. The fluid loading will be termed 9 ''light'' when M ϳO(1), but is not in the immediate neighborhood of M ϭ1, and ''heavy'' when M Ӷ⑀. In both cases ⑀ is taken to be small, i.e., ⑀Ӷ1.
We previously treated the clamped edge conditions, 8 but there are other possibilities. Hinged plates satisfy the edge conditions ϭЉϭ0 at their edges. The natural expansion functions in that case can be taken as the Fourier modes, cos (nϪ1/2)x, nϭ1,2, . . . and sin nx, nϭ1,2, . . . . For the special case ϭЉϭ0, we have used this approach for comparative purposes ͑see Sec. III͒, and to verify that our expansion functions are accurate in this case. We should emphasize that the Fourier modes are probably easier to use for this special case, but they cannot be used for the more general edge conditions ͑4͒ that we propose to tackle.
Leppington et al. 10 pointed out after looking at experimental data that a more realistic set of edge conditions might be ЉϮ␦Јϭ0 at xϭϮ1,
͑4͒
together with ϭ0 at xϭϮ1, where ␦ is a positive number and the plate edges are at xϭϮ1. The case ␦ϭ0 corresponds to the hinged case, while the limit of large ␦ recovers the clamped case previously considered. The more general edge condition may be interpreted as a hinged edge with a restoring couple and may be incorporated into our approach by changing the previous expansion functions. 8 The physical problem is split into pieces that are even and odd in x, and the superscripts (e),(o) are used to denote these subproblems. The even expansion functions are taken to be
in 0рxр1. For negative x these are extended as even functions of x. The quantity a is given by aϭ 1ϩ␦ 5ϩ␦ . ͑6͒
The odd functions become
in 0рxр1. These are extended as odd functions of x for x negative. This choice of expansion functions is adopted as the expansion functions satisfy the edge conditions exactly; it is worth noting that these expansion functions are related to Chebyshev polynomials with the appropriate edge behavior in their argument. The expansion functions for n even are required, as the terms with n odd exclude the terms of the form (1Ϫx 2 ) 3 near the edge, which also satisfy the edge conditions. As we shall see, these expansion functions extend those usually used for rigid plates, allowing one to extend previous analyses to elastic plates.
I. COMPLETENESS OF THE EXPANSION FUNCTIONS
One issue surrounding these expansion functions is whether they have any underlying mathematical basis. It is important to verify that the plate displacement can actually be represented by the expansion functions, and that the latter are hence complete. The expansion functions typically used in elasticity for crack problems 2 may easily be shown to be complete. These functions are ͑to within a normalization factor͒,
on the interval (Ϫ1,1). Both the even and odd functions of x can be conveniently considered together. The change of variable xϭsin maps the x-interval (Ϫ1,1) onto the -interval (Ϫ /2 , /2). On this interval, the expansion functions are n ϭ ͭ cos n for n odd, sin n for n even. ͑9͒
This set of functions is complete on the interval ͑Ϫ/2,/2͒, since it corresponds to the usual Fourier sine expansion on the interval. The set given by ͑5͒-͑7͒ requires more care. 8 Any function f on ͑Ϫ1,1͒ may be decomposed into its odd and even parts f o and f e , respectively, both defined on (0,1) and with f e Ј(0)ϭ f o (0)ϭ0. The change of variable cos ϭ(1Ϫx 2 )(1 Ϫax 2 ) is a one-to-one and onto mapping of the x-interval ͑0,1͒ onto the -interval ͑0,/2͒. On this new interval, the transformed even expansion functions are again cos n for n odd. However, the expansion functions are not complete on this interval: a complete set of trigonometric functions for the expansion of even functions on this interval requires even n as well. One cannot just add the even cosines as extra expansion functions though, since this would remove the correct edge condition in the original variable x and hence introduce Gibbs' effects that would undermine the whole aim of the expansion functions. The additional functions e Јϭ(1Ϫx 2 )cos͓n cos Ϫ1 (1Ϫx 2 ) 2 ͔, which explicitly introduce terms of the form (1Ϫx 2 ) 3 near xϭϮ1, satisfy the appropriate edge conditions, and project onto all the cosine functions, in particular onto the even ones. This was shown for the clamped case previously. 8 Hence the set of expansion functions for the even part of f is complete. The issue of whether these expansion functions are orthogonal with respect to a particular weight function is irrelevant since orthogonality properties are never used.
The argument for the odd part of f is analogous. Therefore the set of expansion functions ͑5͒-͑7͒ is complete, and in addition satisfies the appropriate edge conditions.
II. FORMULATION AND SOLUTION OF INTEGRAL EQUATIONS
We consider the plane x 3 ϭ0 with the elastic plate lying on ͉x 1 ͉Ͻa and a rigid baffle on ͉x 1 ͉Ͼa. As can be shown from a Green's function approach, the scattered pressure field at a point (q 1 ,q 3 ) is given by
where p G (x,q) is the Green's function for ͑2͒ which has vanishing x 3 -derivative in x 3 ϭ0. The plate displacement sc (x 1 ,0) is unknown in ͑10͒ and our aim is to identify this function in the most efficient manner. Once this is identified the problem is effectively solved, since pressure fields and far-field behavior follow directly from ͑10͒. Hence we concentrate upon whether we have identified correctly, and our comparisons with other techniques are based upon this quantity.
The Green's function is the inverse Fourier transform
which also has a representation in terms of Hankel functions. The path C runs along the real axis suitably indented at the branch points Ϯk 0 . The function ␥ 0 ϭ(k 0 2 Ϫk 2 ) 1/2 has a positive imaginary part. An advantage of persisting with a transform based representation is that for more complex geometries the Green's functions emerge in a similar manner; the approach that is required follows that presented here.
As it stands, ͑10͒ is not in the form where we can solve for the unknown displacement, since the left-hand side is also unknown. To remedy this, we manipulate ͑10͒ so that 
for ͉q 1 ͉Ͻa. Two types of forcing can be adopted here: either incident waves or local plate excitation. We treat the incident wave case in detail, in which case the left-hand side in the above equation is equal to Ϫ( p in ϩD q in ). For plane wave incidence, the incident and reflected pressure wave together are
where
is the incoming wave number. This corresponds to the field produced by a pressure wave incident upon a defect-free rigid plate. The incident displacement field therefore vanishes on the elastic plate, leading to Ϫ͓ p in ϩD q in ͔͑q 1 ,0͒ϭϪ2Ae
͑16͒
for ͉q 1 ͉Ͻa. Each applied incident field is split into two subproblems, one that is even in x, and one that is odd in x. The unknown displacement along the plate is expanded in terms of the expansion functions ͑5͒-͑7͒. The appropriate expression, in which the factor 4a 4 /B is inserted for convenience, is
͑17͒
The integral equation ͑13͒ is split into even and odd subproblems. The even subproblem is then solved by multiplying ͑13͒ by m (e) (q 1 /a) and integrating from Ϫa to a, as well as expanding the scattered displacement on the plate, leading to
The
for mϭ1, . . . ,ϱ, where the left-hand side terms, which depend on the incident wave number, are given by
for incident plane waves; the counterpart for the odd subproblem follows in a similar manner. The right-hand side factors are given by
Truncating this set of equations, and its counterpart for the odd subproblem, at some finite order N will give an approximate, but arbitrarily accurate ͑depending on the order of the truncation͒ solution to the original problem. Noting the symmetry with respect to m and n means that even for relatively large N, one need not evaluate an undue number of the K mn . We consider each term in K mn in succession, dropping the superscripts. The corresponding pieces of the triple integral are
͑22͒
The last two terms of this expression are zero in the limiting cases of clamped or hinged edge conditions. The second integral leads to
and the third integral is
͑24͒
These are all relatively simple to evaluate numerically. The above could also be deduced directly from the boundary condition, but it is perhaps more natural to proceed from the integral equation. This approach is more readily adjusted to deal with other geometries.
As noted earlier, once we have the displacement we can use ͑10͒ to deduce the pressure fields. The far-field behavior of the scattered field is obtained by expanding the double integral in ͑10͒ ͓note the Green's function in ͑10͒ is itself an integral͔ for large ͉q͉. Taking the far-field variable as qϭr͑Ϫsin ,cos ͒, ͑25͒
and using a steepest-descents approach, gives 
A similar expression holds for the odd subproblem ͑replac-ing the cosine with a sine͒. The total directivity G() is the sum of the even and odd expressions. The coefficients a n (e) depend on the type of forcing adopted, and are the solutions of ͑19͒. The directivity is hence specified entirely by the a n , as is the plate displacement. However, the latter quantity is simpler to compare to asymptotic approximations that we will develop and we shall hence concentrate on it.
III. ASYMPTOTIC RESULTS FOR LIMITING CASES
To demonstrate the accuracy of the above numerical scheme we compare it with various light fluid loading results. In the absence of fluid loading one can solve the plate equation, to get, for instance in the case of an incoming wave, the plate displacement This, and the corresponding far-field directivity, are reproduced by the numerics. As noted earlier, the case ␦ϭ0, corresponding to edge conditions ϭЉϭ0, is amenable to Fourier analysis ͑although ␦ 0 is not͒. Hence we are independently comparing the performance of the expansion functions. Figure 2 shows the absolute error in the real part of the plate displacement for k 0 aϭ25 and ␦ϭ0, which corresponds to a wide plate, as well as the error for the solution calculated by a sum in Fourier modes. The present procedure converges quickly to the exact answer more quickly than the Fourier expansion. This is a consequence of the well-known properties of the Chebyshev polynomial approximation. For this specific edge condition, ϭЉϭ0, we are not necessarily suggesting that Fourier modes are of little value-they are very simple to deal with numerically-but merely aim to demonstrate that the expansion functions we propose are accurate in this special case. The formula ͑28͒ fails near zeros of D(k p a) or F(k p a). In this limit one can proceed to get asymptotic results using eigenfunction methods, or via a wide strip approximation and the Wiener-Hopf technique. A simpler approximation, at least for M Ͼ1, is to replace the plate equation ͑1͒ by 
͑31͒
The complex wave numbers k l , are perturbations away from k p and ik p , respectively. For ⑀Ӷ1, the k l are the leaky zeros corresponding to the leaky waves in the physical domain; they are in close proximity to the in vacuo wave numbers Ϯk p . The other wave numbers are at Ϯ; these are in the proximity of Ϯik p and lead to rapidly decaying modes. If M Ͼ1 these are given by the approximations 
